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IIpe/iJioJKeH HOBbiit bsfjih/i, hr KjiaccH4)HKan,Hio SncJjypKai^HOHHbix flnarpaMM h ycjiOBHH cymecTBOBaHHH 
KpHTHHecKHx flBHJKeHHH HHTerpHpyeMOH sa^a^iH o ;i,BH>KeHHH TH>Kejioro rnpocTaTa npn ycjiOBHHx THna Kosa- 
jiCBCKOii (cjiyHait HHTerpHpyeMOCTH X.M. 5IxbH). IlocTpoeHO pas^ejiHiomee MHOxcecTBO na hjiockocth <OHcprHH- 
rHpocTaTH^^ecKHH MOMeHT», KjiaccH4)HLi,Hpyioiii,ee flnarpaMMbi na HSOSHepreTH^^ecKHx ypoBHHx. BbinHcanBi koh- 
CTpyKTHBHO npoBepHCMbie ycjiOBHH cymecTBOBaHHH KpHTHHecKHx ;],BH}KeHHH B TepMHHax napaMBTpoB Ha no- 
BepxHOCTsx, HecymHx jihctbi 6H4)ypKan,HOHHbix ^HarpaMM. 



1 IlocTaHOBKa sa^aHH 



CjiynacM KoBajieBCKOii-ilxba naabiBaiOT 3a;i,aHy o flBHJKCHHH THJKejioro rnpocTaTa, rjiaBHbie MOMeHTbi hhcpii;hh 
KOToporo yflOBjiCTBopsiOT OTHOincHHio 2:2:1, i];eHTp Mace jicjkht b SKBaTopHajibHoii hjiockocth, a rnpocTaTHHe- 

CKHH MOMCHT HanpaBJICH HO OCH flHHaMHHeCKOft CHMMBTpHH. ITo^XO/^HIUHM BblSopOM OCefi H eflHHHU, HSMCpeHHa 
ypaBHeHHH flBHJKeHHH npHBOflHTCH K BHfly 

2a;i = W2('^3 - A), 2a;2 = -t^il^^a - A) - as, ^3 = 02, 

di = OLiUJz ~ ct3^2, Oil = OLji^i — aiW3, da = Oi\LtJi — a2Wi, 

rfle A J5 0. OasoBoe npocTpancTBO = M.'^xS'^ onpeflejieno b reoMeTpH^ecKHM HHTerpajiOM |q;^| = 1. 
CncTeMa ([ij 6bijia npoHHTerpiipoBana 11. B. XapjiaMOBbiM na TpexMepntix noflMHoroo6pa3HHx, coctohlli,hx h3 
nepHOflHHecKHx pemeHiiii h hx SncJaypKai^HH (TJ [5]. X.M. Sxbh yKasaji, b ^onojineHHe k KjiaccHHCCKHM hhtb- 
rpajiaM aneprHH h njiomaflcii, hobbih iiHTerpaji THna KoBajieBCKoii, nojiynnB nojinyio HHBOJiiOTHBHyio cncTeMy 

m 

H = + ujj + -ujI - ai, L = 2(wiai + ^20:2) + (w3 + A)a3, 

K ^{ujf-ujj + aif + {2loilo2 + + 2A[(w3 - + luI) + 2^10:3]. 

HcCJieflOBaHHC MHOJKCCTBa KpHTHHCCKHX TOHCK OToSpajKeHHH, nOpOJKflCHHOrO 4)yHKI];HHMH HaHaTO B [H 

OE] H aaBepineno b pa6oTax [7,^. KaK OKasajiocB, sto MHOJKecTBO HC^epnbiBaeTca pemenHHMH H.B. XapjiaMOBa. 
B [71 [H] nojiyneHbi h ypaBHenHH 6H(|)ypKan,HOHHbix noBepxHOCTefi, T.e. cbhshbix noBepxHOCTeii Ilj b R^(/i, ^, fc), 
oSteflHHeHHe KOToptix coflepjKHT B ce6e 6H4)ypKaLi,HOHHyio ^HarpaMMy S HHTerpajiOB ^ KaK co6cTBeHHoe 
noflMHOJKecTBcQ. nepeceneHHe = E n Ilj 6y;i,eM HasbiBaTb donycmuMoil o6Aacmbm na 6H4)ypKa]j;HOHHOH 
noBepxHOCTH 11^. 

B pa6oTax [^ llOlfTT] nccjieflOBajiacb 3BOjiiOLi,Ha ceHCHHii Si MHOJKecTBa E njiocKOCTSMH £ — const, KOToptie 
c TO^iKH apenna raMnjiBTonoBoii MexannKn cjiyjKai 6H4)ypKau,HOHHbiMH flnarpaMMaMn npHBeflennbix chctcm c 
flByMH CTenenHMH cboGo^m, napaMeTpHSOBannbix nocTOHHHoft njiom,afleH. B pa6oTe |12j yKaaana Tonojiorna pe- 
ryjiapnbix HHTerpajibHbix MHoroo6pa3HH p^jisi tohck {h,£, k) h3 CBasHbix KOMnonenT ]R'^\E. Bee nepeHHCjienHbie 
oStCKTbi H CBOHCTBa saBHCST OT o/],Horo CBo6o/],Horo napaMCTpa - BejiHHHHbi rnpocTaTmecKoro MOMCHTa A. B 
CBH3H c 3THM B pa6oTe [13J HCCjie/],OBaHa 3aBHCHM0CTb ;i,HarpaMMbi Si{X) OT deyx napaMCTpoB {£, A) n na njioc- 
KOCTH 3THX napaMeTpoB nocTpoeno mho^kcctbo, npn nepecenennH tohck KOToporo MenaeTCH Tnn S({X). KpoMe 



^Pa6oTa Bbinojinena npn (JjHHaHCOBOii noflflepjKxe rpanxa POOH 10-01-00043. 

^3fl,ecb H flajiee nocToannbie nepnbix nnTcrpajiOB o6o3HaHaK)TCH CTponnbiMH 6yKBaMH, cooTBeTCTByioni,HMH 
o6o3HaHeHHaM caMnx nnTerpajiOB KaK 4)yHKn,HH na 4)a30BOM npocTpancTBC. 
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Toro, B |13| fljia HyjieBoii nocTOHHHOii njiomafleii nocTpoeno MHOJKecTBO b hjiockocth (A, h), KjiaccH4)Hn,Hpyioiii;ee 
THnbi rpacjjOB Oomchko hr TpexMcpHbix HSOsnepreTHHecKHx ypoBHHx, BbnHCJieHbi 3th rpaejjbi h cooTBeTCTByio- 
mHe HeocHameHHbie MOJiCKyjibi. OnHcanHe Bcex rpacjiOB h MOjieKyji, BKjiiOHaH cjiynaii £ 0, npHBefleno b pa6oTe 
|14| . CoBOKynHOCTb pesyjibiaTOB no TonojiorHnecKHM HKBapnaHTaM cjiynaa KoBajieBCKOii-ilxbH no;],po6HO h3- 
jiojKena b |151 rji. 9]. HanSojiee nojinoe HCCJieflOBanHe 6H4)ypKaLi,HOHHbix flHarpaMM coflepjKHTca b |16| . r^e, b 
lacTHOCTH, b TepMHHax HCKOTopbix BcnoMoraTejibHbix napaMeipoB peinena npeflCTaBjiHiomaHCH anajiHTHnecKH 
HaH6ojiee cjiojkhoh sa^ana onpeflejienHH ^onycTHMbix o6jiacTeH na 6H4)ypKaii,HOHHbix noBepxnocTax (cm. |16l 



lUejib HacToameii pa6oTbi - ocHOBbiBaacb na nepeHiicjienHbix peayjibTaTax, nocTpoHTb aijiac 6H4)ypKaLi,H- 
OHHbix flHarpaMM AByx HHTerpajiOB G — L^,K na neTbipexMepHbix HSOsnepreTHHecKHx ypoBnax Efi{X) = 
{H = h} (Z . Bbo;i^ bmbcto 4)yHKii,HH L ee KBa^pax, mm HCKyccTBCHHO flo6aBjiaeM b KajK^yio njiocKyro 
flHarpaMMy 3aMbiKaioiii,HH ee OTpesoK npaMoii g = 0. Taxaa nocTanoBKa CBasana c tcm, hto tojibko HHTerpaji 
G HMeeT anajior b o6iLi;eM cjiynae A.F. PeHMana-M.A. CeMCHOBa-TaH-IIIaHCKoro [17J. B nacTHOCTH, nojiyneH- 
Hbie HHJKe pesyjibTaTbi aBjiaiOTca Heo6xoflHMbiM flonojineHHeM k KjiaccHcjjHKai^HH 6H4)ypKaLi,HOHHbix ^HarpaMM 
na H303HepreTHHecKHx ypoBnax (naTHMepnbix, BBH^y OTcyTCTBHa chmmctphh) BOjiHKa h rHpocTaia THna Ko- 
BajieBCKOii b abohhom chjiobom nojie |18l 1191 120) . TaKHM o6pa30M, 5y;i,eT peinena saflana KjiaccH(J)HKaD;HH no 
napaMCTpaM h,X 6n4)ypKau;Honnbix flnarpaMM orpannnenna OTo6pajKeHHa GxK noflMnorooSpasne 



HonnMaa no^ arriAacoM oStexTOB nojinoe onncanne KjiaccH4)HU,HpyK)ni;ero (pa3;i,ejiaiom,ero) MHOJKecTBa b 
npocTpancTBe napaMeipoB n BoaMOJKnocTb yxaaanna fljia KasKfloii nepa3/i,ejiaioni;eH tohkh SToro npocTpancTBa 
CTpyKTypno ycTonnnBoro Tnna caMoro oGteKTa, noTpe6yeM eni,e najinnna flnajioroBoit KOMnbiOTepnon cncTeMbi, 
KOTopaa no3BOjiaeT ocyni,ecTBHTb euayajiuaa'nuw u demaAU3av,um pa3/i,ejiaion];ero MHOJKecTBa n o6'beKTa npn hh- 
TepaKTHBnoM H3MeHeHHH napaMeipoB. IIpHMep TaKoii cncTeMbi peajiH30Ban fljin flnarpaMM BOjiHKa b pfioimoM 
nojie no napaMCTpaM (h, 7), r^e 7 - OTnonienne nanpajKennocTeii chjiobbix nojieii |21) . 3/i,ecb B03HHKaeT cjieflyro- 
m,aa npo6jieMa. IlycTb II j - o^na h3 noBepxnocTeii, necyn^nx flnarpaMMy S(/3), r/i,e /3 - (|)H3HnecKHH napaMeip 
3aflaHH (/3 — X fiJisi rnpocTaTa KoBajieBCKOH-5Ixi>a h /3 = 7 j^jisi BOJiHKa b ^bohhom nojie). IlpeflnojiojKHM, 
HTO ypaBnenna fljia II-,- sanncanbi b napaMCTpmecKOM bh^c, hcoGxoahmom fljia nocTpoenna H303HepreTHHe- 
CKHx cenennii, T.e. g, k BbipajKenbi b 3aBHCHMOCTH ot ft, n neKOTopon BTopoii KOopflnnaTbi s. P,Jisi nocTpoenna 
;i,HarpaMM c noMoni,bio KOMntiOTepa neo6xoflHMO HMexb ajiropnTM, no3BOjiaioni,HH no jnoSoMy h BbinncjinTb 
npoMCJKyTKH (fjaKmuHecKOzo H3MenenHa napaMeipa s b ppuycTiiMOVL o6jiacTH. fljia BOjinxa b flBonnoM nojie Ta- 
Koii ajiropHTM peajiH30Ban b |21| nyieM yKa3aHHa flonycTHMbix oGjiacTen na 6H4)ypKau;Honnbix noBcpxnocTax 
nepaBencTBaMH, b KOTopbix h BbiCTynaeT b pojin napaMeipa. fljia rnpocTaTa KoBajieBCKOH-5Ixba STa npo6jieMa 
flp CHx nop ne peniena flasKe fljia ^narpaMM Si{X), hto c BbinHCjiHTejibnoii tohkh 3peHHa paBnocnjibno na- 
nieft nocTanoBKe, nocKOJibKy b napaMeipHHecKHx ypaBnennax h n g = i'^ OKa3biBaiOTca CBa3anHbiMH jinneiino. 
B HacToani,eH pa6oTe nojiynena Bca neo6xoflHMaa Hn4)opMan;Ha fljia KOMnbiOTepnoii BH3yajiH3an,HH flnarpaMM 
rnpocTaTa KoBajieBCKOii-flxba. 



2 KpHTHHGCKoe MHo:»cecTBO H 6H4)ypKaLi;HOHHbie noBepx- 



Onnpaacb na pe3yjibTaTbi 11. E. Pa6oBa n H.H. ramenenKO, npeflCTaBHM MnojKecTBO KpnTHnccKHx to^ick oto6- 
pajKenna J — HxGxK : — > K'^(ft,, g, k) b BH;i,e Tpex KpnTmecKnx noflcncTeM - TpexMepnbix nnBapnanTHbix 
noflMnoroo6pa3HH A^i, -Ms b 4)a30BOM npocipancTBe. Hx o6pa3bi nofl fleiicTBHeM J jiescaT na Tpex 6H(|)yp- 
Kan;Honnbix noBepxnocTax, ypaBnenna KOTopbix 3anHnieM b (|)opMe, BbiTeKaiom,eH h3 npeflCTanjienna JIaKca |17| 
npn anajin3e oco6ennocTeH B03nnKaioni,eH ajireSpannecKon KpnBoii. BBO^a napaMeip s xaK yflBoennbiii KBa^paT 
cneKTpajibnoro napaMeipa na KpnBon, nojiynnM (noflpoGnocTn cm. b paSoTe [20J fljia 6ojiee o6ni,ero cjiynaa): 
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3jiecb s e M pjia Hi , s < ^jih 112 h s > A-hh Hs . B otjihhhc ot pfiomioro nojia, noBcpxHOCTb Hi hmcct oppy 

KOMnOHCHTy. 

^BH>KeHHH HE A^l COOTBeTCTByiOT pemeHHK), nOCTpOeHHOMy B |lj flJIH npOHSBOJIBHOrO OCeCHMMeTpHHHOrO 

TBHSopa HHepii,HH. HpeflnojiaraH b stom peinenHH BbinojiHeHHbiMH TaKne jkc ycjiOBHH na 4)H3HHecKHe napa- 
MeTpbi, KaK B CHCTeMe ([1]), ii Bbi6Hpaa na Hi TOHKy, aaflaHHyio ypaBneHHHMH ([3]) c napaMCTpaMH h,s, 6y;i,eM 

HMeTb 

wi=Po, ^2 = 0, W3 = r, 

9 1 9 (5) 

r^e 

i?2 = -\r^- {2pl - hy + 2Xplr + 1 - {pI - hf - plW 

^BH>KeHHH Ha H onHCi>iBaK)TCH peineHHeM II.B. XapjiaMOBa, HaitflenHbiM b pa6oTe Hpn aaflan- 
Hbix h, s n g, y^OBjieTBopaiomnx (0]), BBe;i,eM cjie^yiomHe o6o3HaHeHHH 



s 2 



(cos (T, sin (t) , 5^ 
{cha, i sho-), < 



3flecb i - MHHMaa eflHHHLi,a, a - BcnoMoraTejibHaa ncpcMCHHaH. MHoroo6pa3HH A^2, onHCbiBaiOTCH ypaB- 

HeHHHMH 

uJi = — — >cpY, UJ2 = —p\fs Z, ojs = A + 2>cX^ 

XsX + VffpF o V r 7 - ^^PY 
ai — 2k Y , OL2 = — 2>fy vsz, as = , 

a ^HHaMHKa sa/iana ypaBHCHHeM cP' — sgn(p^) s . Xlpn stom s < A^2 h s > ^jih A^s. 

3 BH(})ypKaii,HOHHbie ^narpaMMbi kphthhgckhx no^CHCxeM 
H cymecTBOBaHHG ^BH:»ceHHH 

OcoSbiM cjiynaHM enympu kphthhcckhx no/],CHCTeM OTBenaiOT oco6eHHOCTH noBepxHOCTeft ([2]) , ([31) ■ FeoMeTpHH 
3THX noBepxHOCTeii floCTaTOHHO xopoino HsyHena b pa6oTax [51 171 151 [TB] . HaM noHa;i,o6HTCH yTOHHeHHH, CBHsan- 
Hbie c ycjiOBHHMH cymecTBOBaHHs KpHTHHCCKHx flBHJKeHHH. PlMeeTCH TpH KpHBbie, HO KOTopbiM Hi ncpeceKacTca 
c o6'beflHHeHHeM 112 U lis TpancBepcajibHO. B ^^acTH, npHHafljiejKameit S, o6o3HaHHM hx Hepe3 (5i,(52,<^3 (Heo6- 
xoflHMbie 4)opMyjibi 6y^yT ;i,aHbi hhskc). KpoMe SToro, noBepxHOCTb Hi KacaexcH lis no KpHBOii, nepeceneHHe 
KOTopoii c S o6o3HaT^HM nepes Jq. 

BaMenaHHe 1 (1). YnaaaHWhie Kpueue u eoaHUKawu^ue na hux ysjioeue moHKu, 6ydyHu odnuMu u mcMU 
Mce oSseKmaMU e M!^{h,g,k), nojiyuamm paajiuHHoe npedcmaejieHue e Koopdunamax na noeepxHocmsix Hj. 
HecMompsi na smo, ux o6pa3u e {s, h)-nAOCKOcmMX 6ydeM djisi nazAsidHocmu oSoaHauarrib odunaKoeo. 

Ho onpeflejieHHK) <? ^ 0, nosTOMy b rpammbi flonycTHMbix o6jiacTeH Bcer^a bxo^ht jihhhh nepeceneHHH Ilj 
c njiocKOCTbio .9 = 0. OGosnanHM cooTBeTCTByromne KpHBbie Hepe3 7-,- [j — 1, 2, 3). 

BBe^eM cjieflymmyK) CHCTeMy o6o3HaHeHHii. TIpeflCTaBjiaa KpuByio 7^ C II-,- b cooTBeTCTByiomeH (s, h)- 
njiocKOCTH, paccMOTpHM ee ypaBHenHe h = h{s). Ecjih b 3aflaHHbix npe^ejiax HSMeneHHs h pemenHe othoch- 
TejibHO s e/i,HHCTBeHHO, TO o6o3HaHHM ero nepes £,j{h, A). Ecjih jkc 3thx pemenHH flBa, to o6o3HaHHM hx nepea 
£~{h^X) < ^^(/i, A). KajKflaa h3 kphbbix Si mojkct OToSpajKaTbca b pasjiHHHbix (s, /i)-njiocKOCTHx. npoBe;i,eM 
ceneHHe o6pa3a Si b (s, /i)-njiocKOCTH, OTBeHaiOHi,eH noBcpxHOCTH II-,-, na saflannoM ypoBne h. Ecjih he pac- 
CMaTpHBaeMoii bctbh kphboh xonxa HepeceneHiiH e^HHCTBeHHa, to ee s-KOop/i,HHaTy oGoana^HM Hepe3 riij{h, A). 
Ecjih jkc TaKHx ToneK flse, to hx s-KOop/],HHaTbi o6o3HaHHM Hepe3 ri^j{h, A) < 'rifj{h, A). 

PaCCMOTpHM CHCTCMy Ml C TOHKH 3peHHa yCJIOBHH CymeCTBOBaHHa BemeCTBCHHblX flBHJKeHHH. 

npeflJiO}«eHHe 1 (1). Upu sadauHux s, h eeinecmeeHHue pemeHun ^ cymecmeymm mozda u moMbKO mozda, 
Kozda Pq ^ u E?{r) ^ dnsi HCKomopozo r G R. 
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BH4)ypKaii;HHM pemcHHH ([SJ OTBenaiOT tohkh (s, h), b KOToptix jih6o pq — 0, jih6o MHoroHjien R^{r) hmcct 
KpaTHbiii KopeHb. Bbi6HpaH, cjiepysi pa6oTe [7J, stot Kopeni. b KanecTBC napaMCTpa, na fliiCKpHMiiHaHTHOM 
MHOJKecTBe 6yfleM hmctb 

h^ip±ir)^^[riX-r)±^^D], s = ViM = ^ [A(r - A) ± i?] , 
D = ^r'^{r - \ f +A ^ 0. 
Ha npefljiojKCHHH 1 nojiy^^HM cjieflyiomee yTBepjKfleHHe. 

IIpe/i;jio>KeHHe 2 (2). Bu(f)ypKav,uoHHafi [s,h)-duazpaMMa KpumuuecKou cucmeMU Mi cocmoum U3 CAcdym- 
iu,ux MHootcecme: 



71 : 


h 


A2 


A2 


1 


-51 : 


h 




s ^ ip-{r), 


re [0,A); 


S2 ■■ 


h 


= f+{r), 


s = i^+ir), 


r e (—00, 0]; 


S3 : 


h 


= f+{r), 


s = ?A+(r), 


r e (A, +00) 



TTpu smoM eneiuHUMU zpaHuv^aMU o6jiacmu cyinecmeoeanuM deuotceHuu CAyotcam Kpueue 71 , (5i u 5^. 

^HarpaMMa CHCTeMbi Aii noKasana na pnc. 1, a. 3flfici> h ^ajiee na anajiorHnHbix pncyHKax SBea^OHKOii 
OTMeneHBi CBssHbie KOMnoneHTbi flonojiHCKHH flHarpaMMbi, ne BxofliimHe b flonycTHMyio o6jiacTb. 




Phc. 1: ^onycTHMbie oSjiacTH: a) ^jih Aii, b) j^jiii A4.2- 

ToHKH Ai,A2 OTBenaiOT rjio6ajibHbiM kphthhcckhm snaHeHHHM sneprnH 

Ai^2 ■■ h = Tl, A ^ 0. (8) 

Ha KpHBOH Si saBHCHMOCTb h{r) MOHOTOHHa, nosTOMy ^jiH jiio6oro h ^= —1 cymecTByeT e^HHCTBeHHoe 
peineHHe 

r_ =r_(/i,A) e [0,A) (9) 

ypaBHeHHs ip-{r) = h. OneEHflHO, no npHHSTbiM o6o3HaHeHHaM, ryu — 'ip^{r^). 

UepecTpoHKH /i-ceieHHii flonycTiiMoii o6jiacTH npoHCxoflHT npn npoxo>K^eHHH BejiHHHHoit /i, b ;i,onojiHeHHe k 
SHaHeHHHM (|5]), SKCTpeiviyMOB na kphbbix 82, 5^,^ T.e. ToneK, o6o3HaHeHHijix nepea A^^ — A^. ypaBHenne (p'^{r) = 
pacna;i,aeTca: na flBa 

(2r- A)(r-A) -D = 0, (10) 
r(2r-A)(r-A) + Ai:> = 0. (11) 

BbiHHCjiHH 7/'^(r), y6e}K;i,aeMca. hto ycjiOBne (1101) 3a;i,aeT SKCTpcMyMbi na rjia^KHx ynacTxax - tohkh ^3,^4, a 
ycjiOBHC (|lip onpeflejiaeT TO^iKy BOSBpaia A5 . Ha pop nojiynaeM ypaBHenHe 

(r-A)3(3r-A)-4 = 0, (12) 
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KOTopoe HMeeT poBHO flBa KopHH, npH^iCM BcpxHiiii Bcer;i,a Sojibine A, nosTOMy sto e;i,HHCTBeHHbiH SKCipeMyM 
h Ha S3 (TOHKa A3), a hhjkhhh OKasbiBaeTCH nenojiojKHTejibHbiM jinnib npn A ^ V2. B nocjie/i,HeM cjiy^ae 
HMeeM SKCTpeMyM h na 62 (tohkr A4). 5Ibhoh (JjyHKi^HH h{X) b 3thx TOHKax nocTpoHTb ne yflaeTCH. IIocTynHM 
cjieflyiomHM o6pa30M. Hojiojkhm b ypaBnenHH (jl2p 

x^X-r. (13) 

H3 (|12p BbipasHM A(x), a h3 (11311 naiifleM r(x) h no^CTaBHM b BbipajKCHHC h na kphbbix (^2, (^a. HojiynHM 

3a;4-4 _a;4-4 ;,_32 2 

2^' 8^ 

rfle a: € [— \/4/3 , 0) fljia A3 h x S [-^^4/3 , v^] flJia A4. IIocKOjibKy A 0, mo>kho sanHcaTb eflnnyio napaMCT- 

pH3ail,HK) 3aBHCHM0CTH /l H A, nOJIOJKHB u — x^: 

^3,4: '^3■4 = |^i+^, Al,4 = ^ , «G(0,2]. (14) 

IlpH ft, > /13 ypaBHCHHe </5+(r) = ft HMeeT poBHO ^Ba BemecTBenHbix Kopna b o6jiacTH r G (A, +cx)). Hx 
no/],CTaHOBKa b 4)yHKn,Hio ^0+ AaeT 3aBHCHM0CTH rj^-^^{h,\) h ryijj^(ft, A) na mohotohhbix ynacTKax 5^. OHeBH^HO, 

ypaBHCHHe pip BMecTe c ypaBHeHHCM KpHBOii 82 a^gt b TOHxe B03BpaTa 



(4 + A4/3)3/2_ a2/3(6 + a4/3) , A^O. (15) 
npeflJio:»ceHHe 3 (3). fl^onycmuMasi oBjiacmb na noeepxHocmu Hi onucueaemcsi CAedymiu,UM o6pa30M: 

ft e (-00,-1) ^ s e 0; 

A^ 

fte[-l,ft3] se[r]ii,h-—]; 

_ A2 

fte(ft3,+0o) ^ S e [?7ll,7?3i] U [77+,ft- y]. 

no;i,HepKHeM, hto rjn, rj^^, 77^^ - 0flH03Ha^H0 onpeflejieHHbie h scJx^eKTHBHO BbinHCjiaeMbie 4)yHKLi,HH ot ft, A. 

^JIH CHCTeM A^2,-^3 yCJIOBHe .9^0 paBHOCHJIbHO 

1-A^. + 4AV 

ft ^ ftmin = :Z , (16) 

2s 

a H3 ypaBHCHHit ^ cjieflyeT, hto sgn(p^) = sgn(y^) h sgn(p^) = sgn(sZ^). IlycTb Y^, = Y , ecjiH p BemecTBenHO, 
w.Y^ — \ Y , ecjiH p T^HCTO MHHMoe. Tor^a b njiocKOCTH {X, Y^) KpHBaa Fq, 3a;i,aHHaH TOJKflecTBOM X"^ + Y"^ = 1, 
npcflCTaBjiaeT co6oh OKpyjKHOCTb hjih rHnepSojiy, b to BpeMa KaK KpHBaa: Fi, 3aflaHHaa ypaBHCHHeM Z'^(X, Y) = 
0, npH Bcex 7^ ecTb sjijiHnc. Otmcthm TaKJKe cjie^yiomHe h3 onpe;i,ejieHHH paBencTBa 

^2 ^ ^Han ^^^^^ ^ 1 — \ s + 2s ^ ^^^^^^ _ ^^^^^ ^ _ 2A^s). (17) 

s 2s 

3;i,ecb ft = fttan(s) ^ saBHCHMOCTb Ha KpHBOii ^0 Kacamia noBepxHOCTeft Hi h lis. 
H3 (jl6p . (|17p nojiynaeM cjieflyiomee yTBepsKflenne. 



IIpe^JioxceHHe 4 (4). JJasi cyinecmeoeaHUJi eeujt,ecmeeHHUx pemeHuH ^ npu sadauHUX s,h Heo6xoduMO u 
docmamoHHO eunoAHCHue ycAoeuH (|16p u CAedymuj,ux ycAoeuu: 

1) npu s < OKpyjtcHocmb Fq u saauuc Fi UMemm o6uji,ym moHKy; 

2) npu s > 0, p'^ ^ OKpyofCHOcm'b Fq he Aeofcum v^caukom cmpozo enympu o6Aacmu, ozpaHUHemou 
SAAuncoM Fi; 

3) npu s > 0, < 3unep6oAa Fq m saautic Fi UMemm o6inyw mouKy. 

OTcrofla cjie^yeT, hto 6H4)ypKai],HH peineHHfi no s, ft npoHCxo^HT b cjiynaax Kacaniia kphbbix BToporo 
nopa/lKa Fq h Fi. OSosnanaa b TOHKe KacanHa io^, = r (sflecb sto KOHCTanTa), nojiy^HM BbipajKCHHa 

ft = ^±(r), s^e±{r)^'^[r{r-X)TD], (18) 
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Tflfi D,ip± onpeflejieHbi b ([7]). 3to coBnapfiBMe ne cjiynaiiHO. nocKOjibKy HaH;i,eHHbie ana^eHHa: OTBenaiOT toh- 
KaM TpaHceepcajibHoro nepecenenHH noBcpxHOCTH Hi c 112,113. BbipajKeHHs fljiH s paajiHHHbi, Tax xax ohh 
onpeflejiHiOT Oflny h3 KOMnoHCHT HopMajiH k cooTBCTCTByiomeii noBepxHOCTH b oGmeii tohkb. 

AnajiHaHpya ycjiOBHH npefljiojKCHHH 4 b o6jiacTHx, na KOToptie nojiynjiocKOCTb s < ^cjihtch kphbbimh 
psp , c y^eTOM ycjiOBHH p6p npnxo^HM k cjieflymmeMy pesyjibTaTy. 



IIpe/j;jiojKeHHe 5 (5). Bu(f>ypKaii,uoHHafi {s,h)-duazpaMMa KpumuuecKou cucmeMU M2 cocmoum U3 cjiedym- 
lUjUX MHODtcecme: 

72 : h = /imin(s), s < 
Si: h^ip^{r), s = e^{r), re[0,A); 
h- h = (p+{r), s = 0+{r), re (A, +00). 
BneiuHUMU epaHuii,aMU o6Aacmu cyujt,ecmeoeaHusi deuotcenuu CAyotcam 72 u Si. 

HocKOjiBKy saBHCHMOCTb ^ Ha Si y>Ke HSBecTHa, nojiynacM 7712 = 0- (?"_). Ha KpHBOii 72 HMeeM 

HosTOMy npH OTpHn,aTejibHbix s ypaBneHHe h = ft.min(s) HMeex eflHHCTBCHHoe peineHHC s — S,2{h,X). Torjia h3 
npefljiojKeHHs 5 nojiyiHM cjie^ymmee yTBepjKfleHne. 

IIpe/j;jio»<eHHe 6 (6). flonycmuMan o6Aacm'b na noeepxHocmu H2 onucueaemcH cjiedymujt,UM o6pa30M: 

h € (-00, -1) s e 0; 

he[-i,+oo) se[^2,vi2]- 

n Sflecb 4)yHKn,HH ?7i2(/i, A), ^2(^1 A) seJjcjjeKTHBHO bbihhcjihiotch. 

flnarpaMMa cncTeMbi M2 noKasana na pnc. 1, b. Hobbix pas^ejiHiomHx saBHCHMOCTCfl MCJKfly h n X ne 
noHBjiaeTCH, nocKOJiBKy ysjiOBbie tohkh Ai h A3 yjKe y^iTeHiji b CHCTCMe Aii. 

SaMenaHHe 2 (2). OniMemuM deoucmeeHHOcmb, munuHHym Bah CAyuaji, Kozda pe6po eoaepama odnou 6u(pyp- 
KaUjUOHHOu noeepxHocmu nonadaem na dpyzyw. Bo3HUKamuji,uu CAed e napajuempax odnou noeepxHocmu daem 
9KcmpeMyM na ZAadKou Kpueou, a e napaMempax dpyzoii nopojtcdaem moHKy eoaepama. 3dect> 3mo eudno Sah 
moHKU A3, HO HUJtce npoMeumcM u Baji moneK A^jA^. 

^jia CHCTeMbi Ha A^3 K ysce hsbccthbim ypaBHenHHM 6H4)ypKaD;HH peineHHii © flo6aBji!ieTCH pasp^ejisnouiwa 
cjiynaii = 0. H3 nocjieflnero paBCHCTBa (|17p onpeflejiaiOTCH SHanenHH s, npH KOTopbix 3Ta KpHBaa jicjkht b 
o6jiacTH (fTBl). 



npe/i;jio>KeHHe 7 (7). Bu(fiypKav,uoHHafi {s,h)-duazpaMMa KpumuHecKou cucmeMU cocmoum U3 CAcdym- 
iu,ux MHomcecme: 



So ■■ 


h ^ 


^tan(s), 


S2 ■■ 






73 : 


h = 





^e+{r), re (-00,0]; 

73: h^hnun{s), Se/(A), 

( (0,+(X3), A2< 8/(3^3) 

/(A) = <^ (0, s*] U [s*, +00), 8/(3V3) s; A2 2 , 
[ (0,s,]U[l/2,+oo), A2 ^2 

s*(A) < s*(A) - a6cu,uccu monen KacanuH npueux S2 u 73, cyui,ecmeymuj,ux npu anaueHUfix X^ ^ 8/(3\/3)- 
BueiuHUMU zpaHuu,aMU donycmuMou o6Aacmu cAyotcam: 

1) Kpuean 73 e yKasannux npedeAux; 

2) Kpuean Sq e npedcAax 

(0,l /(2A^/3 )], A2^1/(2v^) 
(0,VTTA^- A2], A2^1/(2V2) ' 



s e 

3) Kpuean S2 e npedenax 



s e 



[s*,s*], 8/(3V3) < A2 2 
[sh.,1/2], A2^2 
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KpHBEH 62 saKamHBaeTCH na KpHBOii 73 npn r — 0, s — 1/2. 3to - OTMeneHHaa panee TO^xa ^2- ypaeHeHiie 
fljia TOHKH B03BpaTa KpHBOii 52 coBna/i,aeT c (|10p . nosTOMy sto TOHKa A^. 3KCTpeMyM h 62 - sto TOHxa ^5 
(saMenaHHe 2). 

KpHBaa 62 HMeeT c KpHBOii Sq TOHKy KacaniiH npn s ~ vT+A^ ^ A^, r — —A ajih Bcex A > 0. ToHKa 
Hx TpancBepcajibHoro nepeceneHHa Ay, b KOTopon s = 1/(2A^/'^), r = A — l/v^, cymecTByei npii < A ^ 1. 
IIpH npoxofle KpHBoii Sq b CTopony yBejiHHeHHH s TOHKa Aq BCTpenaeTca nepBoft npH 8A'* < 1, saieivi Aq h 
Aj MenaiOTCH MecTaMH. BepxHHH rpaHHn,a s na Sq onpe^ejiaeTca h3 nocjieflnero ypaBHeHHs (|17p tohkoh Ag, 
nepeceneHHH c KpHBOii 73. IIpH ycjiOBHH A^ < l/\/2 na kphboh Sq peajiHsyeTca MHHHMyM h, paBHtm \/2— A^/2. 
CooTBeTCTByiomaH TOHKa Ag jiejKHT jieBee Aj npn A^ < l/(2\/2), a npH yBejiHneHHH A ona naxoflHTCH npaBee 
Aq h Ha flonycTHMyio o6jiacTb yjKe ne BjinaeT. Otmbthm eme MHHHMyM h na KpHBOii 73 (TOHxa Aiq), paBHbifl 
(3A2/3_A2)/2. 

Ha pHC. 2 HOKasanbi nepBbie Tpn Bapnanxa 6H4)ypKaii,HOHHOH (s, /i)-flHarpaMMbi npH BoapacTaHHH A: 1) 
< A2 < 1/(2V2); 2) 1/(2^2) < A^ < 1; 3) A^ > 1. HpoBepxa ycjiOBHH npefljiojKeHHH 4 noKasbiBacT, hto abh- 

JKCHHS HeB03MOJKHbI B oGjiaCTH, OrpaHHi^eHHOH flByMH 6eCK0HeHHbIMH OTpeSKaMH KpHBblX 62 H do AO TOHKH 

nepeceHCHHH A-j b nepBOM cjiynae h tohkh KacaHHH Aq npH ocTajibHbix A. KaK OTMeHajiocb, sto cbohctbo 
BnepBbie flOKaaano (b hhbix TepMHnax h napaMeipax) b pa6oTe . OGcyjKflaeMaa He^onycTHMaH o6jiacTb na 
pHC. 2 yKasana SBCSflOHKOii co CTpejiKaMii. 




Phc. 2: /],onycTHMaa oGjiacxb ^jia Ai^. 



BaMenaHHe 3 (3). C'mposo zoeopti, nepeceneHue Kpueou 5a we eceada conpoeoMcdaemcR monoAOSuHecKU- 
Mu 6u(pypKa'nujiMU pemeHuu, ho saeedoMO MCHSiemcH ux aHaAumuuecKoe npedcmaeACHue ^ . KaK CAedyem 
U3 peayAbmamoe 1201, sma Kpuean maKotce omeeuaem aa eupootcdeHue UHdyii,upoeaHHOu cuMnAeKmuuecKou 
cmpyKmypu na coomeemcmeymujt,eM uemupexMepHOM KpumuuecKOM nodMHOzoo6pa3uu (pasoeoso npocmpan- 
cmea TSO{3) nepedy^upoeaHHou cucmeMU. 




b 



Phc. 3: 3BOJiioii;Ha ocoStix xoneK b OKpecTHOcxH = 2. 

HpHBe/ieHHbiMH TpeMH cjiynasMH BH/i,OH3MeHeHHa (s, /i)-flHarpaMMiji na Ai^ ne ncicpnbiBaHDTCH. ToHKa 
BOSBpaTa A4 KpHBOii 62 cymecTByei jiHinb npH A^ < 2. IIpH A^ = 2 ona cjiHBacTca c A2 m hocjic SToro HcneaaeT. 
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IIpH r < HMeeM 



9+(r) {r-Xy 



nosTOMy ppyme BOSMOJKHbie o6iLi,He tohkh 73 h 62 OKaatiBaiOTCH TOHKaMH KacaHHa h noflHHHeHbi ypaBHCHHio 

(A-r)3(A + r)-4 = 0. (19) 

Oho HMeeT BemecTBeHHbie KopHH jinnib npn A^ ^ 8/(3-\/3)- B cjiynae CTpororo nepaBCHCTBa TaKHx Kopnefi flBa, 
HHJKHHii Bcerfla OTpHn,aTejieH, a BepxHHii OTpHn,aTejieH jinnib npn A^ < 2. HosTOMy ecjiH 8/{3^/3) < A^ < 2, to 
Me>Kfly TQTiKaMH Aq,Ac, KpHBaa 62 HMeeT eHi,e flBe tohkh KacanHa Aii,Ai2 c KpHBOit 73. CooTBeTCTByiomHe 
SHaHCHHH s B npefljioJKeHHH 7 o6o3HaHeHbi nepes s*,s*. IIpH A^ = 2 TOHKa A12 cjiHBaeTCH c ^5 h ^2 h npH 
A^ > 2 yxoflHT H3 flonycTHMOii o6jiacTH bmcctc c tohkoh BOSBpaTa (cm. pnc. 3). IIpH g = Me>K^y TOHKaMH Ag 
H A2 HMCCM = 1 — 2A^s < 0, nosTOMy coBMecTHOCTb ypaBHeHHH ([6]) paBHOCHjibHa cymecTBOBaHHK) peineHHH 

CHCTeMbI HCpaBeHCTB 

X^^l, Q{X) = 2X'^s^iX^ ~l) + 2sX + 1 s^O. 

MejKfly TOHKaMH An h A12 AHCKpHMnnaHT Q{X) OTpHii,aTejieH, a npH A^ > 2 meyKfly TOHKaMH An h A2 
06a Kopna Q{X) no MO^yjiio Menbine 1. HosTOMy na sthx HHTepBajiax KpHBOii 73 BemecTBCHHbix peineHHfi ne 
cymecTByeT. CjieflOBaTejibHO, npii A^ > 8/(3\/3) HiiJKHeii rpaHHri,eH flonycTiiMoii o6jiacTH HBjiJieTCH cootbbt- 
CTByioinHH ynacTOK KpHBOii 62 (ot An pp A12 npn A^ ^ 2 h ot An flo ^2 npn A^ > 2). HeaBnyio saBHCHMOCTb 
h n X pjia All. 12 MOJKHO napaMeTpH30BaTb, Hcnojibsya pjiR ypaBHCHHH (I19p saMeny (|13p . 

B paspfijisnomfie mhojkcctbo na hjiockocth (/i, A) ^jia aTjiaca flHarpaMM I];i(A), b ^onojiHCHHe k Haii/ieHHbiM 
panee xpiiBbiM ([8]), (jl4p . (|15|) . HeoSxoflHMO brjikdhhtb KpHBbie, OTBe^^aiomHe saBHCHMOCTHM MCJKfly /i h A b 
HOBblX oco6bix TOHKax: 



Ae: he = -^/l + X^-X"", A ^ 0; 

A2 1 

A7: ''7 = -y + A2/3 + _^, 0<A<1; 

= (20) 

V2-AV2, 0«; As; ^1/{2V2); 



A 
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Aw-- /iio-^(3A2/3-A2), 0^ As^ \/8/(3V3); 




2' 

12 2 12 
Aii,i2: /iii,i2 - ga;2 + — - — , A = -a; + ^, xG[\/2,+oo). 

P^jiR HBHoro yKasaHHH HHTepBajiOB HSMeHenHH s b saBHCHMOCTH OT A, h o6o3HaHHM Hcpes (^^ < C+ peineHHs 
ypaBHenna h ~ /itan(s) npn h ^ hg 

H nanoMHHM, ^^to nojiojKHTejibHbie pemenHH ypaBHeHiia h ~ /imin(s) npn h ^ hio o6o3HaHaiOTCH < £,3 ■ 3;i,ecb 
H ;i,ajiee hj onpeflejienbi b cooTBeTCTBHH c (|20p . 

IIpH A^ ^ l/(2\/2) na ynacTKe KpHBOii 62 npH h ^ /ir, a npH ocTajibHbix A - na y^iacTKe h ^ he HMecM 
OAHOsnaHHyio saBHCHMOCTb s — ri23{h, A). Ilpn A^ ^ 8/(3-\/3) na mohotohho y6biBaKiin;eM GecKoneHHOM ynacTKe 
KpHBOii 62 AO nepeccHeHHH c tohkoh An HMeeM penieHne s = '723(^1 A), a ot tohkh A12 flo tohkh A2 - penieHne 
s — Ti23{h, A). HojiynaeM cjie^yioniee yTBepsKflCHne. 

npe/i;jio>KeHHe 8 (8). /I^onycmuMan o6Aacmh na noeepxHocmu II3 maKoea: npu < A^ ^ 1/(2a/2) 

ft. e (— 00, /iio) s e 0; 

he[hw,hQ] se[^3,^^]; 



he{h9,hj) se [e3-,r]u[C+,4+]; 



he{h7,+^) => se [^3 ,C"]U [7/23,^3^], 



npu 1/(2^2) A2 <; 8/(3%/3) 



ft€(— oo,ftio) s e 0; 

he[hio,he] se[^3,^^]; 
/iG(/i6,+oo) ^ se K3",C"]U[r723,C^]; 
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npu 8/(3V^) < 2 

h e (—00, 

he hu] 
h e [hi2,hii] 
h e [hii,he] 

h e (/ig, +00) 

npu ^ 2 

e (—00, h^) 
he ^2] 

/l G [/l2,/lll] 

/i e [/iii,/i6] 
h e (/ig, +00) 

/Ijih noporoBMx sna^ieBim A, ecTecTBenHO, mojkho nojibsosaTBCH jiio6mm h3 flsyx noflxo^Hmiix npepfiiaB- 
jiCHHii. 

TaKHM o6pa30M, npeflCTaBjiena Bca iiHcjaopMai^iiH no KjiaccHcJiHKai^HH 6H4)ypKan,HOHHi>ix flHarpaMM na h30- 
SHcprcTHHCCKHx ypoBHHx THpocTaTa KoBajieBCKOH-5IxbH. Pasflejisiomee MHOJKecTBO C na hjiockocth {h, X) 3a- 
^ano ypaBHCHHHMH ([8]), (jl4p . p5p . (|20p . OTMeTHM, hto nepecenenHe C c octio A = ^aei 3HaHeHHH = 
— 1, 0, 1, \/2, §, \/3, 2, KjiaccH4)ii]j;HpyiOLn,He H303HepreTHHecKHe /i,HarpaMMbi KjiaccHnecKoro BOJiHKa KoBajieB- 
CKOH (cm., nanpHMep, npeflejiBHtm cjiynaft b |19)). 

IIpOrpaMMbl CHMBOJIBHblX BHHHCJieHHH n03BOJIJIK)T BblBeCTH HR 3KpaH KOMni>K)Tepa MHOJKeCTBO C H, BBiGh- 

paa HHTepaKTHBHO TO^^Ky b KaKOH-jiH6o H3 o6jiacTeH, nojiyiHTB npu Heo6xoflHMOCTH fleTajinsai^Hio okpccthocth 
STOii T01KH. no3HLi,H0HHpyH OKOH^^aTejiBHoe 3HaT^eHHe napbi napaMeipoB {h, A) b Sojiee mcjikom MacmTa6e, co- 
rjiacHO npc/;jio>KeHHaM 3, 6, 8 CTpoHM /inarpaMMy E;i(A) no 4)opMyjiaM Q, ([3]) c yjKe Bnojine onpeflejienHBiMH 
npoMejKyTKaMH H3MeHeHHH napaMBTpa s. B pe3yjii3TaTe nojiynaeM KOMnbiOTepHyio CHCTCMy, peajinsyromyio 
nocTpoeHHe HCKOMoro sjieKTpoHHoro aijiaca. 
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^ se [e, ,r]u[?723,c,^]• 
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